This paper discusses a multiscale stochastic stress analysis of a heterogeneous material via the stochastic homogenization analysis. In particular, a nonuniform microscopic random variation is taken into account in this paper. The influence of the nonuniformity on the random variation of the microscopic stresses is investigated. Monte-Carlo simulation or the first order perturbation-based stochastic homogenization method is employed for the analysis. The Coefficient of Variance (CV) of the microscopic stress is analyzed for several cases of nonuniform microscopic random variations. With the numerical results, influence of the nonuniform microscopic random variation on the CVs of the microscopic stresses is discussed. Also, applicability of the perturbation method to the analysis is investigated in comparison with the Monte-Carlo simulation
Introduction
Generally, heterogeneous materials have complex microstructures, which influence the homogenized elastic properties and microscopic stress fields of such materials. Material properties or microstructure geometries in heterogeneous materials are subject to mechanical, chemical, or thermal influences in a manufacturing process like a molding or hot pressing process. Also, a posteriori process such as aging influences the material properties of component materials. These processes usually include random variations, and randomness is observed at the microscale. Therefore, the propagation of this randomness through the different scales should be analyzed for determining reliability of a structure made of a heterogeneous material or for validating the computational analysis of a composite structure.
To this end, stochastic homogenization and multiscale stochastic stress analysis methods have been attracting attention recently. For instance, stochastic homogenization analysis methods have been reported by Kaminski (1) , Ostojya (2) Sakata (3) , and Xu (4) , and have been extended to multiscale stochastic stress analysis (5) (6) , microscopic failure probability analysis of composites via the multiscale stochastic stress analysis (7) , and the inverse stochastic homogenization analysis (8) .
In addition, a few approximation-based stochastic homogenization methods have been reported for improving analysis efficiency and accuracy. For example, Sakata et al. proposed stochastic homogenization analysis using the Kriging-based approach (9) , and Kaminski et al. devised a method using the polynomial approximation-based approach (10) .
Additionally, the weighted least square method has been proposed for approximate stochastic homogenization analysis (11) .
There are two aims of studies on multiscale problems considering the probabilistic aspect; one is considering nonuniform distributions of one microscopic quantity in a given structure, and the other is estimating the degree of a random variation, for example, standard deviation or coefficient of variance (CV), for a set of target structures.
In the latter case, the observed values of a random variable are uniform over a structure, and the statistical properties computed from the observed values indicate a possible difference in each structure, for example, manufactured objects from different production lots. In this case, the homogenization theory can be applied to multiscale analysis because the microstructure is still aligned uniformly and periodically. In this work, the second case is considered as the target problem. In this case, the "nonuniform random variation" means that standard deviation or CV of a microscopic random variable distributes nonuniformly at a macroscopic structure.
In most previous studies, a uniform microscopic random variation, which is characterized by uniform standard deviation or CV over the structure, has been considered. As described above, a randomly distributed quantity in one structure is not considered in this study. An example of a related study would be stochastic homogenization analysis considering a nonuniform random variation in a composite material (12) . However, influence of the nonuniformity of a microscopic random variation in a heterogeneous material on the probabilistic response of microscopic stresses has not been studied using multiscale stochastic stress analysis. Because it is expected that the nonuniformity has a larger influence on the stress field than does the equivalent mechanical property, multiscale stochastic stress analysis should be carried out considering a nonuniform microscopic random variation. In the light of the abovementioned factors, in this research, the probabilistic property of microscopic stresses in heterogeneous materials is studied considering a nonuniform microscopic random variation using multiscale stochastic stress analysis. In the current work, as the first step, it is assumed that the microscopic random variable has nonuniform variations at the macroscopic level.
The Monte-Carlo method and the perturbation-based multiscale stochastic stress analysis method are applied to the analysis. In particular, CV of microscopic stresses is computed for several cases of the nonuniform random variation, and influence of the nonuniformity on the CVs of microscopic stresses is investigated numerically. Furthermore, the applicability of the perturbation-based stochastic homogenization method is discussed in terms of its accuracy in comparison to that of the Monte-Carlo simulation.
Analysis Method

Deterministic Multiscale Stress Analysis using the Homogenization Theory
From a general formulation of the homogenization theory (13) , a homogenized elastic tensor H C can be computed as follows:
where C denotes the elastic tensor of a microstructure, Y denotes the volume of a unit cell, I is a unit tensor, and superscripts "H" and "micro" denote the homogenized and microscopic quantities, respectively. χ is the characteristic displacement, and is obtained as a solution of the following characteristic equation.
2) can be simplified as follows:
where micro K denotes the coefficient matrix of the characteristic equation for a unit cell, and micro F denotes the set of force vectors resulting from inhomogeneities in the material properties of a microstructure. y denotes the coordinate variable at the microscale, and its relationship with the macroscopic coordinate x is defined as follows:
where e denotes the scale ratio, which is usually a very small, positive number. Furthermore, microscopic stress can be computed from the following equation:
where σ and ε denote stress and strain, respectively.
Probabilistic Response of Microscopic Stress to Microscopic Random Variation
If a microscopic quantity such as the elastic property or geometry of a microstructure has a random variation, microscopic stress computed using eq.(2.5) would vary according to microscopic random variation. The process of estimating the probabilistic property of macroscopic and/or microscopic stress caused by microscopic random variation is called "multiscale stochastic stress analysis"; the complex and significant influence of microscopic random variation on stress fields has been pointed out in literature (5)- (7) .
For example, when the volume fraction of holes in a porous material varies randomly, the observed value can be expressed according to the following equation.
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where the superscripts "*" and "0" indicate the observed and expected values of a random variable, whereas α denotes a normalized random variable. In this study, it is assumed that the microscopic random variable follows normal distribution. When random variation of one quantity in manufactured objects from different product lots is considered, and it is not distributed randomly over one structure, the observed value of the quantity can be expressed as eq.(2.6). In this case, the homogenized elastic tensor also includes a random variation. The observed homogenized elastic tensor can be computed as follows:
Similarly, the microscopic stress computed from eq. (2.5) will contain a random variation when randomness is observed at the microscale and/or macroscale. Because the macroscopic strain field would be influenced by microscopic random variations, microscopic as well as macroscopic random variations are considered in the probabilistic analysis of microscopic stress field.
For example, in the case of a microscopic geometrical random variation, the observed value of the microscopic stress can be expressed as
Even if the observed values or CVs of microscopic random variables are not distributed uniformly, the observed values of the stresses and their probabilistic characteristics can be computed using the Monte-Carlo method.
In doing so, the observed value of α is generated according to the Box-Muller randomization formula (14) as follows. Notably, two or more sets of random numbers are essential for considering the nonuniform distribution of a microscopic random variation even when only one microscopic quantity is considered as the random variable. For instance, when a macroscopic nonuniformity of CV of a microscopic random variable is considered, expected values of material properties and geometrical characteristics may be the equal for each microstructure, but the observed values of those quantities would differ from each other at each macroscopic location.
In this study, it is assumed that the nonuniform distribution of microscopic random variables' CVs can be expressed discretely according to the finite element mesh of a given structure. Perfectly correlated random variables may be expressed with only one random variable, but it is difficult to extend the same rationale to several types of nonuniformities such as uncorrelated random variations. Therefore, for simplification, different microscopic random variables are assigned to macroscopic regions with different random variations.
As a very simple example, a heterogeneous structure that has two different microscopic random variations at the macroscopic level is considered as illustrated in Fig.1 (a). In this case, when the volume fraction variation is taken into account, the observed value of microscopic stress is computed as follows:
where the superscript (i) denotes the value related to i α . Here, the observed value of the normalized random variable can be also computed using the Box-Muller formula, but the correlation among the random variables should be treated carefully. In this case, the macroscopic deformation or macroscopic strain distribution changes according to microscopic random variation, and the microscopic random variation may cause a large random variation in microscopic stress. Therefore, in a general structure, the random variations of the stresses in all macroscopic and microscopic elements should be traced through probabilistic analysis. However, owing to the high computational costs of doing so, it is encouraged to develop and to employ an approach with lower computational requirements, such as the perturbation-based stochastic homogenization (3) and/or multiscale stochastic stress analysis method (6) .
Perturbation-based Multiscale Stochastic Stress Analysis with Homogenization Theory
In this work, the first-order perturbation-based approach is employed for multiscale stochastic stress analysis considering nonuniform microscopic random variation. According to the perturbation-based stochastic homogenization method, the observed homogenized elastic tensor corresponding to two random variables of a microscopic elastic property can be approximated as follows:
where the superscript "1" denotes the first-order perturbation term. For obtaining the perturbation terms of each order for the characteristic displacements corresponding to (1) α variation, the following simultaneous equations are solved.
The perturbation term of the homogenized elastic tensor can be obtained as follows:
Furthermore, by applying the perturbation method, eq. (2.7) can be approximated to the following expression:
, it should be noted that the macroscopic strain includes the random variation induced by a microscopic random variation because the macroscopic strain is computed from the macroscopic displacement, which is affected by any random variation in the homogenized elastic properties of a heterogeneous material. Each perturbation term of the microscopic stress for variation in (1) α is computed as follows:
From eq. (2.16), it is recognized that the perturbation terms of macroscopic strain are essential for computing the perturbation terms of microscopic stress. In general cases, however, the perturbation terms of macroscopic strain are computed via perturbation analysis with respect to homogenized elastic constants such as the equivalent Young's modulus or equivalent Poisson's ratio of a composite material. For example, the first-order perturbation term of macroscopic strain of an isotropic material can be computed as follows: multiple random variables such as the nonuniform microscopic random variation discussed here, the perturbation term of the macroscopic strain tensor must be computed for each microscopic random variable. For a broader problem considering multiple microscopic random variations of an orthotropic material, the perturbation terms corresponding to each microscopic random variable are computed as follows:
where j X denotes an equivalent elastic constant. For an orthogonal material,
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The first perturbation term of microscopic stress can be obtained by substituting eq.(2.18) into eq.(2.16). It should be noted that the perturbation terms of the equivalent elastic constants (3) , but not those of the homogenized elastic tensor, would be used for this computation. Furthermore, the perturbation term of the principal stress would be computed from the following equation (6) : With this term, the variance or CV of microscopic stresses can be approximately estimated using the first-order second moment method (FOSM). For example, the expectation and variance of microscopic stress can be computed according to the FOSM as follows: 
Problem setting
A quasi-periodic porous material made of resin or unidirectional glass fiber-reinforced composite plastic (GFRP), shown in Fig.2 , was used as an example of a heterogeneous material. Material properties corresponding to epoxy and E-glass are considered for the resin and fiber, respectively. Young's moduli of the fiber and resin are 73 GPa and 4.5 GPa and their Poisson's ratios are 0.22 and 0.39, respectively. For the composite material, the expected volume fraction of the holes in the porous material is 0.2, whereas that of the fiber is 0.2. The hole or fiber direction (y 3 ) agrees with x 3 direction in Fig.1 .
For this material, a microscopic random variation in the geometry or the elastic property of a component material is assumed, and multiscale stochastic stress analysis is performed. As an example of the nonuniform distribution of the considered microscopic random variation, the definition of the nonuniformity of the CV of the microscopic random variables shown in Fig.1 is adopted in this study. α is fixed at 0.05. As an example, microscopic stresses at the macroscopic element having the maximum CV of the macroscopic principal stress considering the nonuniformity in each load case are evaluated for computing the CVs of the stresses. Furthermore, microscopic stresses are computed at the finite elements of the microstructure, which have the maximum values of the microscopic stresses for the expected microstructure. The analysis is performed using the Monte-Carlo simulation and the perturbation-based approach. In the Monte-Carlo simulation, 10,000 trials are carried out, and this study focuses on investigating the influence of nonuniformity in the CV of microscopic random variation.
Numerical Results
Influence of Nonuniformity of Microscopic Random Variation on CV of Stresses
First, the influence of the nonuniformity on the CV of microscopic stresses is investigated using the Monte-Carlo simulation. As an example, the ratio of the CV of the principal stress in resin for nonuniform random variation to that for uniform microscopic random variation is shown in Fig.3 . In this case, random variation of the resin's Young's modulus is considered for FRP, and f V variation is considered for the porous material. α 1 and α 2 in Fig.3 show microscopic random variables with CVs different from each other, which are shown in Fig.1 . "x 1 " and "x 3 " in the legend of Fig.3 From this figure, it can be inferred that the influence of the nonuniformity in microscopic random variation is significant. In the case of FRP, the CV of the principal stress for m E variation under enforced displacement in the x 3 -direction increases considerably when the ratio is 0.1 and is about thrice the CV value for uniform random variation. Furthermore, for the porous material, the CV of the principal stress for the enforced displacement in the x 1 -direction increases to be over 10 times the CV value when the ratio is 0.1.
Comparing the results to the case of stochastic homogenization considering a nonuniform microscopic random variation (12) , the influence of the CV nonuniformity is considerable, thus highlighting the importance of considering the nonuniform microscopic random variation in multiscale stochastic stress analysis for evaluating the reliability of a structure made from a heterogeneous material.
Detailed Multiscale Stochastic Stress Analysis of Porous Material for Nonuniform Microscopic Random Variation
For investigating the influence of the nonuniformity on the probabilistic property of the microscopic stress field in a heterogeneous material, the CVs of the stress components for each
CV / CV α α ratio and loading condition are analyzed using the Monte-Carlo simulation. Given that the influence of the nonuniformity in the porous material is larger than that for FRP, as shown in Fig.3 , a detailed multiscale stochastic stress analysis is performed for the porous material in this study. The fixed macroscopic enforced displacement or load is applied on the cubic structure along the x 1 , x 2 , or x 3 -directions, as shown in Fig.1(a) , and the volume fraction variation of the hole ( f V ) is considered as a microscopic random variable.
First, microscopic stress distributions at the unit cell for some obtained values of microscopic random variable for uniform/nonuniform CV of the randomness are shown in Fig.4 . In this case, the microscopic stresses in the referred macroscopic element for an average value of * 0.2 α = under a fixed applied load in the x 3 -direction assuming uniform/nonuniform CV conditions are shown. Figure 4 (a) shows the distributions of the principal and maximum shear stresses for the uniform CV case, while Fig.4(b) shows those for the nonuniform CVs.
From this figure, the principal and maximum shear stresses are almost uniform in the unit cell under a uniform CV, and it is confirmed that the microscopic stress distributions for the nonuniform CV are different from that of the uniform CV distribution. Additionally, the average stress in the nonuniform CVs case is higher than that in the uniform CV case.
[MPa]
[MPa] Figure 5 (a) shows the strain distribution and deformation in the case of uniform CV, and Fig.5(b) shows them for the nonuniform CV case. In this figure, nonuniform macroscopic strain distribution and higher tensile stress can be seen, and these will result in a larger CV of the macroscopic strain; furthermore, the CV of the microscopic stress would increase as well. has a large influence on the nonuniformity. Under the fixed enforced displacement condition, only the loading along the x 1 direction has a large influence on the CV of the maximum shear stress, but under the fixed loading condition, the nonuniformity has a large influence on the results in every loading direction.
From these results, the nonuniformity of the microscopic random variation has significant influences on the random variation of microscopic stresses, and extent of the influence depends on macroscopic conditions such as the loading condition and direction. This result also indicates the importance of the multiscale stochastic stress analysis considering nonuniform microscopic random variation.
For detailed discussion, the CVs of the normal and shearing stresses for each As shown in the previous section, the nonuniformity of microscopic random variation has a significant influence on the CV of the stresses. It is necessary to analyze this problem for reliability evaluation of a structure made from a heterogeneous material. However, the Monte-Carlo simulation involved is computationally expensive. Therefore, for discussing the applicability of the presented first-order perturbation-based approach to the multiscale stress analysis of a heterogeneous material considering microscopic random variation, the difference between the CVs estimated using the perturbation-based approach and those estimated using the Monte-Carlo simulation is investigated. Since the accuracy of the perturbation-based analysis was discussed in literature (15) , the accuracy in the case of considering the nonuniformity is investigated.
As an example, the relative estimation error for each estimation under the fixed enforced displacement in the Z-direction using the first-order perturbation results in an estimation error greater than 50%. However, from Figs.6(a) and 7(a), it is confirmed that those CVs are very small, actually less than about 1% of the other CVs. This may be caused by a numerical error in the Monte-Carlo simulation for estimating a small variance and is not a serious problem because the absolute value of the CV is very small. For other cases, the first-order perturbation yields accurate estimations. From these results, it can be said that the first-order perturbation-based approach can yield acceptable estimates for the presented case. In addition, it should be noted that the estimation errors increase when the 
Conclusion
In this study, the multiscale stochastic stress analysis of heterogeneous materials such as porous materials or unidirectional fiber-reinforced composite material considering nonuniform microscopic random variation was performed. The "nonuniform microscopic random variation" means that standard deviation or CV of a microscopic random variable distributes nonuniformly at a macroscopic structure, and the observed values of microscopic quantities do not distribute randomly over one structure. For probabilistic stress analysis, the Monte-Carlo simulation and the perturbation-based stochastic homogenization method were employed. From the numerical results, it was confirmed that the nonuniformity in the microscopic randomness significantly influences the CVs of the stresses.
For a detailed discussion, multiscale stochastic stress analysis of a porous material with variations in the volume fraction of the holes considering nonuniform microscopic random variation was performed under several loading conditions and directions. From the results, the influence of the nonuniformity was observed to depend on the macroscopic loading conditions, and, sometimes, larger CVs of the stresses were observed compared to those for uniform microscopic random variation. This result shows the importance of considering nonuniformity in multiscale stochastic stress analysis for reliability evaluation of a structure made from a heterogeneous material.
In addition, the accuracy of the first-order perturbation-based stochastic homogenization method for the analysis was investigated. From the numerical results, it can be seen that the first-order perturbation method yields acceptable estimation, except in the cases of under fixed enforced displacement in the x 3 -direction are sufficiently small, it can be concluded that the first-order perturbation method is applicable to the presented problem. It should, however, be noted that the estimation error increases when microscopic random variation is highly nonuniform, and a more accurate method may be required for a more general problem.
